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1 ABSTRACT 
 
Wind tunnels are used in ground test facilities to replicate key flow features encountered in real 
flight. The use of square cross-section nozzle to expand test flow in wind tunnels is an attractive 
alternative to using axisymmetric nozzles because square cross-section nozzles do not have the 
same focusing characteristics that can magnify wall disturbances. Axisymmetric nozzles tend to 
focus any wall disturbance to the nozzle center line but square cross-section nozzles distribute 
wall disturbances laterally along lines parallel to the walls rather than being focused to a point. 
Thus, the square cross-section nozzles have the potential to produce more uniform core flow at 
nozzle exit as compared to the commonly use axisymmetric nozzles. Despite this main advantage, 
little research has been conducted with regards to use of optimized square cross-section nozzles 
in wind tunnels, especially in expansion tunnels.  
The objective of this study is to determine the optimal Mach-12 square cross-section nozzle 
contour for expansion tunnel which produces uniform outflow with least deviation from the 
desired Mach number and minimum variation in flow angle at the nozzle exit. This project 
particularly focused on designing an optimized nozzle contour for inviscid flow of non-reacting 
ideal gas using an in-house Computational Fluid Dynamics (CFD) solver, Eilmer4 coupled with the 
robust and simple Nelder-Mead (downhill simplex) optimization algorithm. 
The optimized nozzle shows an excellent core flow profile in term of Mach number and flow angle 
with some disturbances observed near the corner region. The nozzle produced a uniform core 
flow at exit with maximum diameter of 0.22m. Mach number in the core flow varies by 0.08% 
and pressure varies by 1.9%. The maximum flow angle in the core flow is 1°. Laminar and fully 
turbulent flows were simulated across the optimized nozzle. Both simulations resulted in uniform 
core flow with small deviation from the target Mach number and low flow divergence at exit. 
This highlights the need for further research on potential performance of fully optimized square 
cross-section nozzle for fully turbulent flow of reacting real gases 
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2 INTRODUCTION TO THE STUDY 
2.1 STATEMENT OF THE PROBLEM 
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designed and optimized square-cross section nozzle to perform at on-design and off-design 
inflow conditions is worth investigating.  
Besides, only convergent-divergent square cross-section nozzles in shock tunnels had been 
subjected to investigation till date.  Very limited studies had been done on the performance of 
the hypersonic divergent-only square cross-section nozzles used in expansion tunnels.  
The question is: Will an optimally designed square cross-section nozzle outperform the 
commonly used axisymmetric nozzles or nozzles with a 2D contour in expansion tunnels, by 
producing more uniform flow at nozzle exit at on-design and off-design conditions? This is the 
main motivation for this thesis. 
2.2 PURPOSE OF THE STUDY 
 
The purpose of the study is to determine the optimal square cross-section nozzle contour for 
expansion tunnel which produces uniform outflow with least deviation from the desired Mach 
number and minimum variation in flow angle at the nozzle exit.  
2.3 LIMITATIONS OF THE STUDY 
 
This study looks at a particular Mach 12 nozzle utilized in X3 Expansion Tunnel facility.  The project 
focuses on generating an optimized nozzle contour using an existing Reynolds-Averaged Navier- 
Stokes CFD solver, Eilmer4 coupled with the Nelder-Mead (downhill simplex) optimization 
algorithm. Due to time constraints and lack of computer resources, full-fledged optimization 
process was carried out using inviscid flow of non-reacting ideal gas at on-design conditions only. 
However, laminar and fully turbulent flows in the optimized nozzle were simulated and studied.  
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3 LITERATURE REVIEW 
A significant amount of literature was reviewed during the course of research on the project 
topic. For brevity here, few have been reviewed, considering the main aspects of the research: 
nozzle contour formulation, simulation of flow across the specified flow domain as well as 
optimization technique.  
3.1 TYPE OF NOZZLE GEOMETRIES 
Three viable geometric designs for hypersonic nozzles are axisymmetric, 2-dimensional and 3-
dimensional nozzles. The advantages and disadvantages [16][4] of each type of nozzles are 
highlighted in the Table1 below.  
Table 1: Comparison between types of nozzle geometries. 
Type of nozzle 
geometries  
Advantages Disadvantages 
Axisymmetric Nozzle 
(Circular Cross-
Section)  
Absence of stability problems caused by 
crossflow and corner flow. 
Require smaller machining 
tolerances during fabrication 
as machining imperfections 
can cause disturbances that 
are then focused along the 
axis of nozzle.  
Generally require smaller mass flow rate 
than a 2-dimensional nozzle with equal 
entrance height. 
Require perfect joints 
between sections of long 
nozzles that are built 
separately. Surface 
discontinuities can cause 
focusing effect of disturbance 
along nozzle axis.  
Easier to maintain tolerances since the 
nozzle has small, heated entrance. 
Circular walls complicate the 
use of optical grade windows 
used for flow visualization.  
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Square cross-section nozzle or 3-dimensional nozzles seem to provide a compromise between 
the axisymmetric and the 2-dimensional nozzles. The main disadvantage in square cross-section 
nozzle is the lack of understanding of the disturbances caused by crossflow and corner flow. This 
is the main reason why axisymmetric nozzles are preferred over 2-dimesional and 3-dimensinal 
nozzles. However, if the effect from this crossflow and corner flow disturbances can be minimized 
or the growth of these disturbances can be limited, square cross-section will be the most feasible 
nozzle geometry. Optimizing the design of the square cross-section nozzle with regards to flow 
parameters might be a reasonable measure to tackle this problem. This sets the motivation for 
this study. 
3.2 CLASSIC APPROACH TO SQUARE CROSS-SECTION NOZZLE DESIGN 
 
From the early 1980’s until 2002, a Mach-6 square cross-section-nozzle was used in NASA Langley 
Research Centre [1] [2]. In 2004, Richard Gaffney [1] carried out viscous CFD simulation using 
multidimensional CFD code VULCAN on this square-cross-section nozzle and concluded that the 
flow at the exit plane is not uniform due to cross flow pressure gradient imposed on the boundary 
layer. CFD simulation showed strong agreement with the experimental results for the square 
cross-section nozzle. The reason for the non-uniformity is the design technique use. The 
convergent-divergent nozzle was designed by: 
1. Inscribing a square inside circular throat of axisymmetric Method of Characteristic (MOC) 
design. MOC is a design technique used to obtain inviscid axisymmetric nozzle profile [5][6].  
2. Tracing the flow streamlines from square entrance to exit plane. These traced streamlines 
will outline the square cross-sections at the starting plane, plane of contour curve and exit 
plane. 
3. Adjusting Contour at all other axial positions to give square-cross-section.  
4. Appling correction to this contour based on the integral boundary layer (BL) calculation. This 
step is to compensate the viscous effects in the flow.  
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The governing assumption in this design method is that the boundary layer and the inviscid core 
flow are uncoupled which is not reasonable in high Mach number flow [3]. Thus, the streamlines 
traced in step 2 of the design process are inaccurate.  Due to poor performance of the square 
cross-section nozzle, two alternative designs, namely nozzle with a 2D contour (square exit) and 
axisymmetric nozzle were designed and analyzed. The nozzles were designed using MOC and CFD 
code VULCAN in tandem until the desired outflow is produced. This design method is more robust 
than using MOC/BL alone, because the viscous CFD simulation was validated by means of the 
square cross-section nozzle. The nozzle with a 2D contour (and square exit) was chosen over the 
axisymmetric nozzle due to its ability to produce uniform flow at exit plane at both on- and off-
design conditions. This study shows that with the development of CFD techniques and the 
increasing capacity of computing resources, CFD-based computational optimization becomes 
realistic and produces better nozzle designs.  
3.3 CFD SOLVER COUPLED WITH OPTIMIZATION ALGORITHM  
 
In 2013, Wilson [3] designed a 2-dimensional axisymmetric convergent-divergent nozzle contour 
from the sonic throat plane for T4 shock tunnel using an open-source Reynolds-Averaged Navier 
Stokes CFD solver, Eilmer coupled with simplex optimization method of Nelder-Mead [3]. This 
design method will mitigate the drawbacks in MOC/BL technique because Navier-Stokes 
equation captures the effect of viscosity in the flow [10]. CFD solver Eilmer has been validated 
for use on many supersonic/hypersonic test cases [10]. This solver can model two and three-
dimensional compressible high-speed flows in chemical and thermal equilibrium and non-
equilibrium. Additional turbulence model  𝑘𝑘 − 𝜔𝜔 can include the turbulence effect accurately in 
the flow solver [5]. The initial contour of the nozzle is defined using single continuous Bezier curve 
with 9 control points.  
The optimization algorithm was formulated using an objective function and design variables. The 
objective function is in term of variation in Mach number and flow angularity, but other flow 
parameters can be easily integrated into this function. The design variables are the radial distance 
between each pair of unfixed Bezier control points that resemble wall slope. This will improve 
11 
 
convergence in solution. The design constraints are the axial length of the nozzle and diameter 
of the nozzle throat. Nelder-Mead algorithm is designed to solve the classical unconstrained 
optimization problem, thus the first point of the Bezier curve is fixed radially and excluded from 
design variables list.  
The designed axisymmetric nozzle was manufactured and analyzed. Excellent agreement 
between the experimental and numerical flow parameters at the exit plane indicates the validity 
of the design method. The availability of the open-source solver is another exceptional reason to 
explore the use of this solver in this thesis project.  
Pierpaolo Toniato (2016) used similar the method to optimize and design a shock-free 
axisymmetric nozzle for X3 expansion tunnel. The divergent-only nozzle in hypersonic expansion 
tunnel has no throat and the flow at nozzle entrance is already hypersonic. Inflow at nozzle 
entrance is not uniform because boundary layer is significant in test gas [14]. The inflow is fully 
turbulent, and the boundary layer thickness is 30mm radially. An 11-control-point Bezier curve is 
used to outline the initial nozzle profile. The simulations was carried out using a block-marching 
code built on top of EILMER3 in order to save computational time. Updated version of the CFD 
solver, EILMER4 has this block-marching function built-in.  
The objective function is in term of variation in Mach number, pressure and angle of flow. A 
penalty term is introduced to prevent the optimization algorithm to converge to a solution in 
which the nozzle profile curves inwards. The design variables are the radial positions of the non-
fixed Bezier control points. Constraints are the ones used by Wilson [3]. Pierpaolo(2016) and 
Wilson (2013) used only the flow parameters in the core flow  at exit plane to compute the value 
of objective function[3][14]. In viscous flows, disturbances are very pronounced near the walls 
due to development of boundary layer and very difficult to suppress.  
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3.4 BEZIER CURVE 
Bezier curve is one of the derived types of paths that is readily available in the solver geometry 
package that can be easily utilized. Bezier curve is chosen over spline polynomial and other 
high-order polynomials to define nozzle contours because Bezier curve produces a smooth 
profile, ensuring that the curve is tangent to the convex hull at the endpoints, resulting in a 
smooth transition at the adjacent tube connection [12]. Besides, Bezier curve is always 
contained within the convex hull of control points and it never oscillates wildly from the control 
points. Thus, it can be assumed that this curve will be stable during the optimization [17].  
Equations below are used to compute the points,𝐵𝐵(𝑡𝑡) along the curve, where 𝑃𝑃𝑖𝑖  is a set of 
control points. 𝑛𝑛 is the number of control points.  
 
 
 
Although higher degree Bézier curves require longer time to process, they do have higher 
flexibility for designing shapes. Increasing the degree of a Bézier curve without changing its 
shape is referred to as degree elevation. The new set of control points, 𝑄𝑄𝑖𝑖 are found using the 
equation below, where 𝑃𝑃𝑖𝑖  is the set of old 𝑛𝑛 + 1 control points:  
 
𝑄𝑄0 = 𝑃𝑃0 and  𝑄𝑄𝑛𝑛+1 = 𝑃𝑃𝑛𝑛 because the curve passes through the first and the last points.  
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3.5 NELDER-MEAD METHOD 
 
The Nelder–Mead technique [6] was proposed by John Nelder & Roger Mead (1965). Pierpoalo 
(2016) and Wilson (2013) used this optimization method successfully to find the optimum nozzle 
contour for axisymmetric nozzles[3][14]. This method uses the concept of a simplex, which is a 
special polynomium type with 𝑛𝑛 + 1 vertices in 𝑛𝑛 dimensions with 𝑛𝑛 being the number of design 
variables defined in the optimisation problem. For example, the simplex is a triangle if n=2 and it 
is a tetrahedron if n=3. The algorithm employs a moving simplex in the design space to surround 
the optimal point and then shrink the simplex until its dimensions reach a specified error 
tolerance, 𝜀𝜀.  
Nelder-Mead is a multidimensional unconstrained local optimization algorithm without 
derivatives. Since no derivatives or estimation of derivatives are required for computation of this 
algorithm, the calculations are simple, few adjustable parameters need to be supplied and the 
algorithms are effective when evaluation errors are significant because they operate on the worst 
rather than the best point. Other global optimization methods like genetic algorithms, or global 
optimization using surrogate modelling/response surfaces are computationally expensive 
because they require a higher number of function evaluations [3].  
One disadvantage of this method is that the problem can converge to a local minimum instead 
of a global minimum. It is very important to start the optimization with an initial guess not too 
far from the optimal value.   
The optimization problem is formulated using design variables, ?⃗?𝑥 and an objective function, 𝑓𝑓(?⃗?𝑥). 
Design variables, ?⃗?𝑥 is defined as: 
?⃗?𝑥 = (𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛) 
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The initial simplex S is constructed by generating 𝑛𝑛 vertices, 𝑥𝑥1���⃗ , 𝑥𝑥2����⃗ …,𝑥𝑥𝑛𝑛+1���������⃗  around a given initial 
guess 𝑥𝑥1���⃗   . The remaining 𝑛𝑛 vertices are then generated to obtain one of two standard shapes 
of S: 
1. S is right-angled at 𝑥𝑥1, based on coordinate axes, or  
𝑥𝑥𝚥𝚥���⃗ = 𝑥𝑥1���⃗ + ℎ𝑗𝑗𝑒𝑒𝚥𝚥��⃗         , 𝑗𝑗 = 2,3, … ,𝑛𝑛 + 1  
where ℎ𝑗𝑗  is a step size in the direction of unit vector 𝑒𝑒𝑗𝑗 in ℝ𝑛𝑛. 
2. S is a regular simplex, where all edges have the same specified length. 
 
One iteration of the Nelder-Mead method consists of the following steps:  
1. Sort by function value in ascending order and order the vertices to satisfy  
𝑓𝑓(𝑥𝑥1���⃗ ) < 𝑓𝑓(𝑥𝑥2����⃗ )  < … < 𝑓𝑓(𝑥𝑥𝑛𝑛+1���������⃗ ) .  𝑥𝑥1���⃗  is the best vertex and 𝑥𝑥𝑛𝑛+1���������⃗  is the worst vertex.  
2. Calculate the average of all the points except the worst, 𝑥𝑥𝑚𝑚�����⃗ = ∑ 𝑥𝑥𝚤𝚤���⃗𝑛𝑛𝑖𝑖=1 .  
3. Evaluate the new working simplex by computing new 𝑥𝑥𝑛𝑛+1���������⃗   vertex from the current one 
using the appropriate transformation shown in the Table 2 below.  
Table 2: Transformations applied to current simplex 
Reflection, 𝑹𝑹 = 𝟏𝟏 Compute 𝑥𝑥𝑟𝑟����⃗  =  𝑥𝑥𝑚𝑚�����⃗  +  𝑅𝑅(𝑥𝑥𝑚𝑚�����⃗ − 𝑥𝑥𝑛𝑛+1���������⃗ ) and evaluate 𝑓𝑓(𝑥𝑥𝑟𝑟����⃗ ). 
 If 𝑓𝑓(𝑥𝑥1) < 𝑓𝑓(𝑥𝑥𝑟𝑟) < 𝑓𝑓(𝑥𝑥𝑛𝑛), accept 𝑥𝑥𝑟𝑟 and terminate the iteration. 
Expansion, 𝑬𝑬 = 𝟐𝟐 If 𝑓𝑓(𝑥𝑥𝑟𝑟����⃗ ) < 𝑓𝑓(𝑥𝑥1���⃗ ) calculate  𝑥𝑥𝑒𝑒����⃗ = 𝑥𝑥𝑚𝑚�����⃗ + 𝐸𝐸(𝑥𝑥𝑟𝑟����⃗ − 𝑥𝑥𝑚𝑚�����⃗ ) and evaluate 
𝑓𝑓(𝑥𝑥𝑒𝑒����⃗ ).  
If 𝑓𝑓(𝑥𝑥𝑒𝑒����⃗ ) < 𝑓𝑓(𝑥𝑥𝑟𝑟����⃗ ), accept 𝑥𝑥𝑒𝑒����⃗ ; otherwise accept 𝑥𝑥𝑟𝑟����⃗ . Terminate the 
iteration. 
 
Contraction, 𝑲𝑲 = 𝟎𝟎.𝟓𝟓 Outside. If 𝑓𝑓(𝑥𝑥𝑛𝑛����⃗ )  < 𝑓𝑓(𝑥𝑥𝑟𝑟����⃗ )  < 𝑓𝑓(𝑥𝑥𝑛𝑛+1���������⃗ ) calculate 𝑥𝑥𝑜𝑜𝑜𝑜������⃗ = 𝑥𝑥𝑚𝑚�����⃗ + K (𝑥𝑥𝑟𝑟����⃗  - 𝑥𝑥𝑚𝑚�����⃗ ) 
and evaluate 𝑓𝑓(𝑥𝑥𝑜𝑜𝑜𝑜������⃗ ). If 𝑓𝑓(𝑥𝑥𝑜𝑜𝑜𝑜������⃗ )< 𝑓𝑓(𝑥𝑥𝑟𝑟����⃗ ), accept 𝑥𝑥𝑜𝑜𝑜𝑜������⃗  and terminate the 
iteration; otherwise do a shrink.  
Inside. If 𝑓𝑓(𝑥𝑥𝑟𝑟����⃗ )  > 𝑓𝑓(𝑥𝑥𝑛𝑛+1���������⃗ )  calculate 𝑥𝑥𝚤𝚤𝑜𝑜�����⃗ = 𝑥𝑥𝑚𝑚�����⃗ - K (𝑥𝑥𝑚𝑚�����⃗  - 𝑥𝑥𝑛𝑛+1���������⃗ ) and 
evaluate 𝑓𝑓(𝑥𝑥𝚤𝚤𝑜𝑜�����⃗ ). If 𝑓𝑓(𝑥𝑥𝚤𝚤𝑜𝑜�����⃗ )< 𝑓𝑓(𝑥𝑥𝑛𝑛+1���������⃗ ), accept 𝑥𝑥𝚤𝚤𝑜𝑜�����⃗  and terminate the 
iteration; otherwise do a shrink. 
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Shrink, 𝑺𝑺 = 𝟎𝟎.𝟓𝟓 Evaluate 𝑓𝑓(𝑣𝑣𝚤𝚤���⃗ ) at the 𝑛𝑛 points 𝑣𝑣𝚤𝚤���⃗  =  𝑥𝑥𝚤𝚤���⃗  +  𝑆𝑆 (𝑥𝑥𝚤𝚤���⃗ − 𝑥𝑥1���⃗ ), 𝑖𝑖 = 2,….,n+1. 
The vertices of the simplex at the next iteration are 𝑥𝑥1���⃗ , 𝑣𝑣2����⃗ , …, 𝑥𝑥𝑛𝑛+1���������⃗ .  
 
  
  
The algorithm terminates as soon as at least one of these tests becomes true: 
1. Domain convergence or termination test.  
It becomes true when the working simplex S is sufficiently small in some sense (some or 
all vertices are close enough). 
2.  Function-value convergence test.  
It becomes true when (some or all) function values fj are close enough in some sense. 
3.  No-convergence test.  
It becomes true if the number of iterations or function evaluations exceeds some 
prescribed maximum allowed value. 
 
Although the basic algorithm is quite simple to understand and very easy to use, it is more 
convenient to use SciPy, a free and open-source Python library [15] which already has a built-in 
function to implement this optimization algorithm. The objective function to be minimized, initial 
guess of design variables and other tolerance parameters are inputs required to run the 
optimisation using SciPy Minimise package.  However, it is difficult to modify the algorithm to 
make the computation more robust. For example, Pierpaolo(2016) used modified, parallel 
Nelder-Mead simplex algorithm as optimization algorithm [14], in which the evaluation of the 
different points of the simplex occurs in parallel to save computational time.  
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4 METHODOLOGY 
 
This section describes the methodologies used to arrive at the optimal nozzle design for inviscid 
flow. The nozzle contour definition is explained as well as the simulations in Eilmer4 and the 
optimization using Nelder-Mead algorithm. Figure 1 summarizes the process in designing an 
optimized square cross-section nozzle. 
 
 
Figure 1: Summary of Design and Optimization process. 
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4.1 CONFIGURATION FOR THE SIMULATION 
 
The user-supplied input script (written in Lua programming language) provides the configuration 
for the simulation. Refer to Appendix 7.1 for the template of input script. This template is used 
to write the actual input script with new design variables after each optimization iteration. This 
input script is fed to the preparation, solver and post-processing stages of Eilmer4.  
4.1.1 Specification of Gas Model 
 
Only non-reacting ideal gas species was considered for the initial and inflow states. Thus, the 
number of species is 1 and the number of non-equilibrium energy modes is zero by default.  
Although a fully reacting 5-species air (N2, N, O2, O and NO) model is a better representation of 
the test gas [14], this simple gas model was adopted to save computational time. 
 
4.1.2 Inflow and Initial Flow States 
 
The free-stream conditions (inflow parameters) are: 
Pressure                                                       :     10 𝑘𝑘𝑃𝑃𝑘𝑘 
Temperature                                               : 600 𝐾𝐾 
Velocity in 𝑥𝑥-direction                               : 3650 𝑚𝑚/𝑠𝑠 
Velocity in 𝑦𝑦-direction                               : 0 𝑚𝑚/𝑠𝑠  (default value) 
Velocity in 𝑧𝑧-direction                                : 0 𝑚𝑚/𝑠𝑠 (default value) 
 
These inflow parameters are the nominal values used by Pierpaolo in optimization process of 
Mach 12 axisymmetric nozzle to closely reproduce the free-stream design condition of the Mach 
12 REST engine [14]. The inflow is assumed steady with uniform flow across the input surface. 
The estimated pressure and temperature of the initial flow state in the nozzle are 0.1 𝑘𝑘𝑃𝑃𝑘𝑘 and 300 𝐾𝐾 respectively. In most hypersonic wind tunnels, a downstream pressure is withdrawn into 
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a vacuum tank or is forcibly exhausted by an injector. Inflow is subjected to less resistance when 
the pressure of the initial flow state is low. The thickness of the inflow boundary layer is 
significant [14]. However, for inviscid flow simulation, the boundary layer at inflow was ignored.  
4.1.3 Definition of Flow Domain 
 
Figure2 below shows the isometric view of a square cross-section nozzle. To reduce the 
complexity of the model,  the symmetry of the flow domain is exploited and only one quadrant 
of the flow domain is modelled. The design has axial length and entrance height constraints.   
 
Figure 2: Isometric view of a full square cross-section nozzle model. 
 
 
4.1.3.1 Geometry 
 
Bézier curve is was used to define the nozzle contours. It is one of the derived types of paths that 
is readily available in the solver geometry package. Section3.2.1.1 explains the study carried out 
to find the optimum number of control points of the contour.  
As seen in Figure2, 3 Bézier curves and straight lines are used to define the edges of a flow 
domain. The 2D Bézier curves on XY- and XZ-planes can be defined by projecting the 3D Bezier 
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curve onto the planes, but there is no built-in constructor to carry out this transformation of the 
path [11]. Consequently, the two 2D curves are defined as new paths. 
The Bézier curves are parameterized by the profile length to ensure better grid clustering. The 
surfaces of the flow domain are defined such that the dominant flow direction is in block 
marching direction (𝑖𝑖-direction or x-direction) to ensure efficient simulation and save 
computational time [8]. 
 
4.1.3.2 Grid 
Domain is specified as a grid of finite-volume cells. Built-in structured grid was used because the 
geometry of the flow domain is not too complicated. To find grid size small enough for sufficient 
resolution, simulations were repeated while increasing the number of cells in each direction until 
only slight difference in flow solution is detected. The first set of grid convergence study was 
carried out while varying the number of cells in y- and z-directions. The number of cells in axial 
direction (x- direction) was kept constant. Number of cells used in Set 1 study is showed in Table3.  
The number of cells in y- and z-directions are chosen such that they are multiple of polydivisible 
number 12. Figure3 shows the averaged Mach number along horizontal cells plotted against 
vertical position of the cells in nozzle exit plane.  Trials 4 and 5 yielded almost the same result, 
thus the simulation is assumed to have converged in Trial 4.  
Table 3: Number of Cells used in Set 1 Grid Convergence Study 
Trial Number of cells 
𝑥𝑥 − 𝑑𝑑𝑖𝑖𝑑𝑑𝑒𝑒𝑑𝑑𝑡𝑡𝑖𝑖𝑑𝑑𝑛𝑛 𝑦𝑦 − 𝑑𝑑𝑖𝑖𝑑𝑑𝑒𝑒𝑑𝑑𝑡𝑡𝑖𝑖𝑑𝑑𝑛𝑛 𝑧𝑧 − 𝑑𝑑𝑖𝑖𝑑𝑑𝑒𝑒𝑑𝑑𝑡𝑡𝑖𝑖𝑑𝑑𝑛𝑛 
1 50 12 12 
2 50 24 24 
3 50 36 36 
4 50 48 48 
5 50 60 60 
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Figure 3: Grid Convergence Study- Set 1. 
The grid in Trial 4 (Set 1) was subjected to second set of grid convergence study. This time, the 
number of cells in y- and z-directions were kept constant and number of cells in x-direction was 
varied as shown in Table 4. Figure 4 shows the plot of averaged Mach number along horizontal 
cells against vertical position of the cells in the nozzle exit plane. Trials 3, 4 and 5 had the same 
results, thus the simulation is assumed to have converged in Trial 3.  
Consequently, the grid used in Trial 3 (Set 2) was chosen as the optimum grid that produces 
reliable simulation results with minimum calculation time.  
 
Table 4: Number of Cells used in Set 2 Grid Convergence Study 
Trial Number of cells 
𝑥𝑥 − 𝑑𝑑𝑖𝑖𝑑𝑑𝑒𝑒𝑑𝑑𝑡𝑡𝑖𝑖𝑑𝑑𝑛𝑛 𝑦𝑦 − 𝑑𝑑𝑖𝑖𝑑𝑑𝑒𝑒𝑑𝑑𝑡𝑡𝑖𝑖𝑑𝑑𝑛𝑛 𝑧𝑧 − 𝑑𝑑𝑖𝑖𝑑𝑑𝑒𝑒𝑑𝑑𝑡𝑡𝑖𝑖𝑑𝑑𝑛𝑛 
1 50 48 48 
2 90 48 48 
3 100 48 48 
4 120 48 48 
5 180 48 48 
21 
 
 
 
Figure 4:Grid Convergence Study- Set 2. 
The grid is clustered near the entrance region and the nozzle walls to resolve larger flow gradients 
expected in these regions. Another area that was considered is, adding some clustering near the 
symmetry boundaries to obtain solution that is symmetric about center-to-corner diagonal []. 
However, this did not result in significant difference in average Mach number at exit plane, 
therefore no clustering was imposed near the symmetry boundaries. Figures 5 and 6 show the 
grid resolution and cell clustering.  
 
 
Figure 5: Grid resolution of the Flow Domain in x-direction. 
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Figure 6: Grid Resolution of the Nozzle Exit Plane 
 
 
4.1.4 Definition of boundary conditions and flow-solution blocks 
 
4.1.4.1 Boundary Condition 
 
The inflow conditions at the first axial nozzle region is specified as uniform flow. Isothermal (no 
slip) conditions [8] were applied to the nozzle walls. The isothermal wall at 300𝐾𝐾 gives a good 
representation of the actual flow conditions where short test times restrict increase in wall 
temperatures to only several 𝐾𝐾𝑒𝑒𝐾𝐾𝑣𝑣𝑖𝑖𝑛𝑛s. For inviscid flow, this boundary condition is not fully 
effective. The last axial nozzle region is defined as the outflow. With-slip conditions [8] were used 
at the symmetry plane boundaries because these boundaries are imaginary walls where no 
viscous effects are required.  
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4.1.4.2 Flow-Solution Blocks 
 
The grid was divided into 40 flow blocks (10 blocks in x-direction, 2 blocks in y-direction and 2 
blocks in z-direction).  Block-marching option was enabled to save computational time.  
 
4.1.1 Description of Configuration Parameters 
 
The maximum time of simulation was set as 0.004𝑠𝑠. This is approximately the time required for 
the flow to traverse the flow domain four times. The average Mach number at the exit plane was 
calculated for flows that evolved for maximum time of 0.004s, 0.005s and 0.006s. All the average 
values did not have significant differences, thus the flow field is assumed to have developed and 
reached steady state before the maximum time of 0.004s is reached.  
The initial time step to start the simulation with was specified as 10−7𝑠𝑠. During the simulation, 
the solver will take over and adjust the time step to some allowable value, guided by the cfl value 
specified. The default cfl value of 0.5 was used.  
 
4.2 POST PROCESSING AND OPTIMIZATION  
 
After the preparation stage, the main simulation program is executed allowing the flow field to 
develop in time, writing the flow field states at particular time. Next, the simulation data is post-
processed to extract data required in optimization stage. Built-in data slicing option [1] was used 
to extract data from the nozzle exit plane.  
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4.2.1 OPTIMIZATION  
 
The optimization problem presents a minimization of variations of thermodynamics and flow-
field property with respect to the desired values at nozzle exit. The design variables evaluated 
are control points defining the shape of the nozzle. Varying these parameters will influence the 
nozzle exit flow.  
4.2.1.1 Design Variables 
 
The nozzle profile is described by a single Bezier curve defined by control points. A study was 
carried out to identify the minimum number of control points that shows convergence to same 
contour. Optimum number of control points will give the curve enough flexibility to converge to 
different profiles while reducing the complexity of the optimization problem by minimizing the 
number of design variables. Below are the steps used to find the optimum number of control 
points:-  
1. A Bezier curve with 6 control points was constructed to replicate the contour of 
axisymmetric nozzle optimized by Pierpaolo (2017). Least square method was used to 
estimate the coordinate of the 6 control points. As desired, control points are slightly 
clustered near the entrance region where the largest amount of change is expected 
[3]. The axial positions of all the control points are fixed. The vertical position of the 
first control point are held constant at the radius of the acceleration tube in expansion 
tunnel. The vertical positions of the remaining control points are free to move and are 
used as design variables. Figure 7 shows the plot of this curve and the design variables, 
𝑦𝑦1,𝑦𝑦2,𝑦𝑦3,𝑦𝑦4, 𝑘𝑘𝑛𝑛𝑑𝑑 𝑦𝑦5. 
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Figure 7: Contour with 6 control points and corresponding Design Variables. 
2. The contour is fully optimized using coarse grid with 50 cells in x-direction and 24 cells 
in both y- and z-directions. The optimization problem was formulated using the design 
variables stated in Step 1 and an objective function explained in Section3.2.1.2.  
3. The degree of the optimized Bezier curve is increased without changing its shape. This 
new contour with an extra control point is optimized until convergence is reached.  
4. Step 3 is repeated until the number of control points of the contour is 10.  
Figure 8 Shows the Bezier curves with different degrees that had been full optimized. It can be 
seen that Bezier curves with 7, 8 and 9 control points have converged to the same contour. Bezier 
curve with 10 control points did not produce smooth contour, possibly because of too much 
flexibility.  
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Figure 8: Optimized Contours with Different Number of Control Points. 
Thus, 7 can be concluded as the optimum number of control points. The design variables,  𝐷𝐷�⃗ is 
defined as: 
• 𝐷𝐷𝑒𝑒𝑠𝑠𝑖𝑖𝐷𝐷𝑛𝑛 𝑉𝑉𝑘𝑘𝑑𝑑𝑖𝑖𝑘𝑘𝑉𝑉𝐾𝐾𝑒𝑒𝑠𝑠:  𝐷𝐷�⃗ =  [𝑦𝑦1,𝑦𝑦2, 𝑦𝑦3,𝑦𝑦4,𝑦𝑦5,𝑦𝑦6] 
4.2.1.2 Objective Function 
The objective function was defined such that the optimization algorithm would attempt to find a 
nozzle shape that produces a flow with a minimum of variation in Mach number and flow angle 
across the flow at the exit plane. Instead of considering just the core flow [14][3], all the 
computational cells from the exit plane were used to compute the objective function. Unlike fully 
turbulent viscous flow, inviscid flow is expected to have less distortion near the walls arising from 
development of boundary layer, thus it is possible to optimize the flow near the walls. The 
objective function, 𝑓𝑓�𝐷𝐷�⃗� is defined as:  
• 𝑂𝑂𝑉𝑉𝑗𝑗𝑒𝑒𝑑𝑑𝑡𝑡𝑖𝑖𝑣𝑣𝑒𝑒 𝐹𝐹𝐹𝐹𝑛𝑛𝑑𝑑𝑡𝑡𝑖𝑖𝑑𝑑𝑛𝑛: 
𝑓𝑓�𝐷𝐷�⃗� = 𝑓𝑓𝜃𝜃�𝐷𝐷�⃗� + 𝑓𝑓𝑀𝑀�𝐷𝐷�⃗� + 𝑓𝑓𝑃𝑃�𝐷𝐷�⃗� + 𝑓𝑓𝑃𝑃𝑃𝑃�𝐷𝐷�⃗� + 𝑓𝑓𝑃𝑃𝑃𝑃�𝐷𝐷�⃗�  
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With 𝑓𝑓𝜃𝜃, 𝑓𝑓𝑀𝑀, 𝑓𝑓𝑝𝑝 , 𝑓𝑓𝑃𝑃𝑃𝑃 and 𝑓𝑓𝑃𝑃𝑃𝑃 given by:  
𝑓𝑓𝜃𝜃�𝐷𝐷�⃗� =  ∅𝜃𝜃𝑁𝑁 � tan−1
⎝
⎛
�𝑉𝑉𝑒𝑒𝐾𝐾𝑦𝑦𝑗𝑗
2 + 𝑉𝑉𝑒𝑒𝐾𝐾𝑧𝑧𝑗𝑗2
𝑉𝑉𝑒𝑒𝐾𝐾𝑥𝑥𝑗𝑗
⎠
⎞
𝑁𝑁
𝑗𝑗=1
 
𝑓𝑓𝑀𝑀�𝐷𝐷�⃗� =  ∅𝑀𝑀𝑁𝑁 ��𝑀𝑀𝑗𝑗 −𝑀𝑀𝑑𝑑𝑒𝑒𝑑𝑑𝑖𝑖𝑑𝑑𝑛𝑛�2𝑁𝑁
𝑗𝑗=1
 
𝑓𝑓𝑝𝑝�𝐷𝐷�⃗� = �𝑍𝑍                 𝑝𝑝𝑖𝑖+1 < 𝑝𝑝𝑖𝑖0                  𝑝𝑝𝑖𝑖+1 ≥ 𝑝𝑝𝑖𝑖  
𝑓𝑓𝑃𝑃𝑃𝑃�𝐷𝐷�⃗� =  ∅𝑃𝑃𝑃𝑃|𝑦𝑦1 − 𝑦𝑦0| 
𝑓𝑓𝑃𝑃𝑃𝑃�𝐷𝐷�⃗� =  ∅𝑃𝑃𝑃𝑃|𝑦𝑦6 − 𝑦𝑦5| 
where,  
𝑁𝑁 : Total number of computational cells in exit plane = 48 × 48 = 2304 
𝑉𝑉𝑒𝑒𝐾𝐾𝑧𝑧 : Velocity in 𝑧𝑧-direction (m/s)   
𝑉𝑉𝑒𝑒𝐾𝐾𝑦𝑦 : Velocity in 𝑦𝑦-direction (m/s)   
𝑉𝑉𝑒𝑒𝐾𝐾𝑥𝑥 : Velocity in 𝑥𝑥-direction (m/s)   
𝑀𝑀 : Mach number   
𝑀𝑀𝑑𝑑𝑒𝑒𝑑𝑑𝑖𝑖𝑑𝑑𝑛𝑛 : Target Mach number = 12 
𝑍𝑍 : Penalty Value = 100000 
𝑝𝑝 : y-coordinate of sample points along the nozzle contour   
∅𝜃𝜃 : Weight = 1000 
∅𝑀𝑀 : Weight = 10000 
∅𝑃𝑃𝑃𝑃 : Weight = 1000 
∅𝑃𝑃𝑃𝑃 : Weight = 1000  
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𝑓𝑓𝜃𝜃�𝐷𝐷�⃗� will drive the optimization to minimize the flow angle across the flow at exit plane. 
Dominant flow in axial direction implies low pressure gradient in 𝑦𝑦- and 𝑧𝑧-directions and more 
uniform flow. Large pressure gradient across flow can result in flow reversal or vortex.  
The second term, 𝑓𝑓𝑀𝑀�𝐷𝐷�⃗� will assist in minimizing the deviation from the desired Mach number, 
which is 12. Penalty related term, 𝑓𝑓𝑝𝑝�𝐷𝐷�⃗� is included to avoid the contour from curving in. 
Sudden contraction of the nozzle cross-section area will generate shock waves in the nozzle 
which will reduce the core flow diameter with uniform flow [14].  
𝑓𝑓𝑃𝑃𝑃𝑃�𝐷𝐷�⃗� term is integrated in the objective function to minimize the vertical distance between 
the first and second control points. This will allow very gradual expansion at the entrance 
region. Sudden expansion can result in high pressure gradient across the flow and weak 
shockwave [14] that will cause non-uniformities in the exit flow. If this term was omitted from 
the objective function, optimization of a contour with coarse grid flow still converged to an 
optimum contour that is relatively parallel to the nozzle axis at the entrance region. However, 
including this term in the objective function significantly reduced the number of iterations 
before the optimum contour is found. 𝑓𝑓𝑃𝑃𝑃𝑃�𝐷𝐷�⃗� term is included to minimize the vertical distance 
between the last and the second-last control points to allow enough flow straightening near the 
exit to achieve small flow angles at exit plane.   
∅𝜃𝜃 and  ∅𝑀𝑀 are weights chosen such that 𝑓𝑓𝜃𝜃�𝐷𝐷�⃗� and 𝑓𝑓𝑀𝑀�𝐷𝐷�⃗� have same relevance in the 
scalarized objective function. ∅𝑃𝑃𝑃𝑃 and ∅𝑃𝑃𝑃𝑃 were chosen such that 𝑓𝑓𝑃𝑃𝑃𝑃�𝐷𝐷�⃗� and 𝑓𝑓𝑃𝑃𝑃𝑃�𝐷𝐷�⃗� have 
values approximately 1/100th of 𝑓𝑓𝜃𝜃�𝐷𝐷�⃗� and 𝑓𝑓𝑀𝑀�𝐷𝐷�⃗�. As discussed above, the optimization is 
naturally driven to find a contour that is relatively flat at the entrance, thus less significance was 
given to  𝑓𝑓𝑃𝑃𝑃𝑃�𝐷𝐷�⃗� term in the objective function. Due to the axial length of the nozzle, the end of 
the contour is already reasonably flat. So, less value was given to 𝑓𝑓𝑃𝑃𝑃𝑃�𝐷𝐷�⃗� term in the objective 
function.  
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4.2.1.3 Optimization Algorithm  
 
Nelder-Mead (downhill simplex) algorithm was employed to steer the search for the optimum 
nozzle contour. This algorithm was chosen because it is robust, easy to implement and has been 
successfully used to optimize nozzle designs before [3][14]. The objective function was 
minimized using Nelder-Mead as implemented in SciPy [15]. Refer to Appendix 7.2 for the 
optimization code written in Python. This code is used to generate the input script with design 
variables to be used for objective function evaluation, initiate the simulation, extract and 
analyses data from nozzle exit plane, compute the objective function, and implement the 
Nelder-Mead search algorithm. 
To start the optimisation, an initial contour for the nozzle is needed. The Bezier contour with 7 
control points that was optimized using coarse grid simulation (discussed in Section 3.2.1.1) is 
used as a feasible start point. After the first optimization has converged, the optimization is 
restarted from different profiles to ensure convergence to global minimum. The parameters for 
the Nelder-Mead optimiser are listed in Table 5. 
 
Table 5: List of optimizer parameters 
Parameter Notation Value 
Maximum allowed number of iterations maxiter 600 
Absolute difference in objective function between iterations that is 
acceptable for convergence or tolerance for termination. 
fatol 1 
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4.3  SIMULATION OF LAMINAR AND TURBULENT FLOWS 
 
4.3.1 Without The Inflow Boundary Layer 
 
Once the optimized contour for inviscid flow is determined, laminar and fully turbulent flows 
are simulated through this optimized nozzle. Same grid resolution is used but stronger 
clustering of cells is imposed near the walls to capture the boundary layer near the walls more 
accurately [3]. Other boundary conditions are similar to the conditions applied to simulate 
inviscid flow (refer Section 3.1.4.1). The no-slip isothermal wall condition is fully effective in 
these simulations. The maximum simulation time is doubled because the viscous effect is 
expected to slow down the flow. For the fully turbulent flow simulation, 𝑘𝑘 − 𝜔𝜔 turbulence 
model is used to include the turbulence effect accurately in the flow solver [5]. Turbulence 
Prandtl number and Schmidt number were set to their default values of 0.89 and 0.75 
respectively [8].  
4.3.2  With The Inflow Boundary Layer 
 
The laminar and fully turbulent flow simulations discussed in previous section are repeated 
with the inflow boundary layer included. Nozzle transition from a circular chamber to square-
cross section at entrance will influence the boundary layer profile of the nozzle inflow. 
However, this is not within the scope of the study, so following Peirpoalo (2016), the inflow 
velocity profile is defined assuming that the axial velocity follows 1/7th power law [14] which is 
defined as: 
 
𝐹𝐹 = 𝑈𝑈 �𝑦𝑦
𝛿𝛿
�
1/7
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where, 
𝐹𝐹 : Axial velocity of the flow (m/s)   
𝑈𝑈 : Velocity of core flow (m/s) = 3650.0 m/s 
𝑦𝑦 : Distance of the flow from the wall (m)   
𝛿𝛿 : Thickness of the boundary layer(m) = 0.03 m 
 
 
Corner flow is a complex 3-dimensional flow formed by two intersecting surfaces. Estimating 
the boundary layer properties near the corner is a complicated problem [16]. Thus to simplify 
the model, the axial velocity of the flow near the corner region is calculated based on the 
distance of the flow from the nearest wall. Figure 9 below shows the velocity profile of the 
inflow. Other properties of the inflow such as pressure of 10 𝑘𝑘𝑃𝑃𝑘𝑘 and temperature of 600 𝐾𝐾 are 
assumed to be uniform across the inflow.  
 
 
Figure 9: Velocity Profile of Inflow 
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5 RESULTS AND DISCUSSIONS 
5.1 CONTOUR OPTIMIZATION FOR INVISCID FLOW. 
 
One complete optimization process took around 96 hours. After 237 iterations and 351 function 
evaluations, the first optimization trial (refer to Section 3.2.1.3) converged to an optimum 
contour. The next two trials that were started using different profiles also converged to the 
same contour. Thus, it can be concluded that the optimization has converged to a global 
minimum.  A comparison to the contour of axisymmetric nozzle used in X3 Expansion Tunnel 
[14] is shown in Figure 10. Points in the plot show Bezier control points defining the curve. The 
start of the optimised contour is relatively parallel to the nozzle axis but the contour did not 
flatten out significanty near the exit plane as expected. The size of the nozzle at exit plane has 
reduced significantly compared to the radius of the axisymmetric nozzle Table 6 lists the x- and 
y-coordinates of the control points of the optimized contour.  
 
 
Figure 10: Comparison of the optimized contour for square cross-section nozzle to the contour of 
axisymmetric nozzle used in X3.  
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Table 6: Coordinates of the Optimized Nozzle Contour 
Control Point  x-coordinate (m) y-coordinate (m) 
0 0.000000 0.0913 
1 0.291667 0.095559143 
2 0.583333 0.11047514 
3 1.050000 0.126076978 
4 1.633333 0.181281993 
5 2.216667 0.248939363 
6 2.800000 0.281197691 
 
Figure 11 shows the Mach number distribution along the axial direction. Since the flow is 
inviscid, smooth transition from low Mach number at entrance to high mach number at exit can 
be observed. The pressure distribution along axial direction is displayed in Figure 12. The 
expansion is very gradual near the entrance. The inflow pressure is retained for almost 0.5m 
from the entrance. Similar trend was observed in the axisymmetric nozzle[14]. 
 
 
Figure 11: Mach Number distribution of the flow along axial direction. 
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Figure 12: Pressure Distribution along axial direction 
To analyze the flow at region of interest, which is the exit plane, contour plots were produced 
to study the Mach number and pressure distributions. The y-axis and z-axis indicate the 
symmetry planes. The origin in the contour plots represent the midpoint of the nozzle exit area. 
These plots can be mirrored for clarity.  
As seen in Figure 13 and Figure 14, the core flow is very uniform with Mach number in range of 
12.00±0.01. This is within the design target. Mach number variation across the exit plane is 
however 12.0±0.1 .The area of the core flow is 0.042𝑚𝑚2. The maximum flow angle in the core 
region and across the flow exit are 1° and 3.2° , respectively. The pressure varies a maximum of 
1.9% in core flow and 3.6% across the flow exit.  
As expected the greatest pressure gradient and maximum deviation from the target Mach 
number in the flow occurred near the corner due to the disturbances arising from cornerflow 
and crossflow [16][1].  However, these effects are not too obvious due to absence of boundary 
layers [1]. Significant pressure gradient is observed near the center of the sidewalls too [1].  
The contour plots of the Mach number and pressure distribution have the same pattern but 
with reversed intensity as expected. Flow with higher Mach number which corresponds to 
higher speed will result in pressure reduction in the stream. 
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Figure 13: Contour Plot of Mach number distribution in exit flow 
 
Figure 14: Contour Plot of Mach number distribution in exit core flow 
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Figure 15: Contour Plot of pressure distribution in exit flow 
 
Figure 16: Contour Plot of pressure distribution in exit core flow 
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5.2 LAMINAR FLOW SIMULATION 
 
Laminar flow through the optimized nozzle gave a very uniform core flow as seen in Figure 17 
and Figure 18. The average Mach number across this core region is 11.7. Vortex-like flow can be 
observed near the corner. This is due to significant cross-flow pressure gradients imposed on 
wall boundary layers. This pressure gradients cause the boundary layer to roll up in counter 
rotation vortex pairs near the corners [1].   
 
Figure 17:Contour Plot of Mach number  distribution in exit flow 
 
Figure 18:Contour Plot of Mach number distribution in exit core 
flow 
 
Figure 19: Contour Plot of pressure distribution in exit flow 
 
Figure 20:Contour Plot of pressure distribution in 
exit core flow 
 
38 
 
5.3 TURBULENT FLOW SIMULATION 
 
The turbulent flow resulted in a flow at exit plane that is very similar to the laminar flow. The 
average Mach number in the core flow is 11.73. The Mach number is lower than that of laminar 
flow because a portion of the large kinetic energy associated with flow at high Mach numbers 
transforms into internal energy in the fluid due to viscous effects. 
 
Figure 21: Contour Plot of Mach number distribution at exit plane 
 
Figure 22: Contour Plot of Mach number distribution in core 
flow. 
 
 
 
Figure 23: Contour Plot of pressure distribution in exit flow. 
 
Figure 24 Contour Plot of pressure distribution in core flow. 
 
39 
 
5.4 LAMINAR FLOW WITH INFLOW BOUNDARY LAYER  
 
Laminar flow with boundary layer at the entrance resulted in significance reduction in uniform core flow 
area. The boundary layer developed almost an extra 50mm. Nozzle length can be shorten to reduce the 
boundary layer developed at exit however this will result in insufficient expansion of flow. However, the 
average Mach number in this region is 11.8, which is closer to the target Mach number.  
The vortex-like flow near the corner looks more dispersed in the boundary layer near the corner region 
because presence of boundary layer decrease the pressure gradient in that area.   
 
Figure 25: Contour Plot of Mach number distribution at exit 
plane 
 
Figure 26 Contour Plot of Mach number distribution in core 
flow at exit plane 
 
 
 
Figure 27: Contour Plot of pressure distribution in exit flow. 
 
Figure 28: Contour Plot of pressure distribution in core flow. 
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5.5 TURBULENT FLOW WITH INFLOW BOUNDARY LAYER  
 
Fully turbulent flow simulated across the optimized nozzle produced an outflow that has similar 
pattern to that of laminar flow. The turbulence effect might not be very obvious because 
parameters governing the turbulence flow such as Prandlt number are not optimum. The 
average Mach number across the core region at exit plane is 11.65.  
 
 
Figure 29: Contour Plot of Mach number distribution at exit 
plane 
 
Figure 30: Contour Plot of Mach number distribution in 
core flow. 
 
 
Figure 31: Contour Plot of pressure distribution in exit flow. 
 
 
Figure 32: Contour Plot of pressure distribution in 
core flow. 
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The results from the simulation of fully turbulent flow with inflow boundary layer are 
promising. The disturbances are restricted to regions near the walls, especially the corner 
where the walls intersect but the core flow is not affected. 
This shows that the optimized nozzle for inviscid flow can be used as a feasible initial profile to 
start the optimization process of Mach 12 square cross-section nozzle with flow that is: 
1. Fully turbulent 
2. Has inflow boundary layer  
3. Of fully reacting 5 species-gas  
The parameters governing the turbulence flow must be revised and tuned to agree with the 
experiment conditions. Besides, stronger clustering of cells near the walls must be applied to 
accurately capture the boundary layer profile near the walls. One complete simulation of 
turbulent flow across the nozzle took almost 10 hours, thus measures must be taken to save 
computational time. Modified version of Nelder-Mead simplex algorithm for parallel 
computations can be used.   
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6 CONCLUSION 
 
An optimized square cross-section hypersonic nozzle design has been generated using a CFD 
solver, Eilmer4 coupled with the Nelder-Mead (downhill simplex) optimization algorithm to 
produce uniform flow at exit with least deviation from target Mach number of 12. The nozzle 
design was optimized for an inviscid flow of non-reacting ideal gas. The optimized nozzle has exit 
area of 0.0792 𝑚𝑚2. The optimized nozzle shows an excellent core flow profile in term of Mach 
number and flow angle. The nozzle produces a uniform core flow at exit with maximum diameter 
of 0.22m. Mach number in the core flow varies by 0.08% and pressure varies by 1.9%. The 
maximum flow angle in the core flow is 1°. Across the exit plane, the Mach number and the 
pressure vary by 0.83% and 3.6%, respectively.  
Simulation of laminar and turbulent flows across this optimized nozzle resulted in reasonably 
uniform core flow with minimum variation in Mach number and pressure. Disturbances have 
been observed in the flow near the corner, however it did not affect the core flow and no 
centerline disturbances were observed. Thus, it is worth further investigation to analyze if a fully 
optimized square cross-section nozzle for fully turbulent flow of reacting real gases with inflow 
boundary layer lead to more uniform core flow at exit plane.  
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8 APPENDIX 
8.1 TEMPLATE  OF INPUT SCRIPT (.LUA) 
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8.2 OPTIMISATION SCRIPT (.PY) 
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